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Satellites orbiting the Earth require large-angle and rapid rotational maneuverability. Control moment gyros are

expected to be applied to attitude control actuators of small agile satellites, because control moment gyros can

generate high torque effectively. However, the control moment gyro has a singularity problem that affects its energy

consumption and rapid actuation. To solve the problem, a feedforward control logic using an energy-optimal path

planned by a Fourier basis algorithm is proposed here. However, this logic alone cannot maintain precise control

under actual errors and disturbances. Therefore, a feedback control system was also designed in order to acquire

robustness against errors and disturbances. The designed system included in this paper is characterized by using a

system’s limit state, which is a newly defined variable, and is predicted by numerical integrals using nominal control

inputs. Several numerical simulations and experiments were carried out to verify the feasibility of the proposed logic

in terms of the robustness, energy consumption, and the safe use of the control moment gyro.

Nomenclature

b = skew angle of four control moment gyros, rad
E = Fourier base term matrix
HB = total angular momentum vector, kgm2=s
h = angular momentum vector of four control moment

gyros, kgm2=s
hCMG = angular momentum of control moment gyro wheel,

kgm2=s
I = satellite inertia matrix, kgm2

I0 = unit matrix
J = evaluation function of path planning
q = quaternion vector
Ti = output torque vector of ith control moment gyro, Nm
u = control input vector
unom = nominal control input vector
x = state variable vector
xd = reference state variable vector
xpre = system’s limit state variable vector
� = Fourier series vector
� = control moment gyro gimbal angle vector, rad
_� = control moment gyro gimbal angular velocity vector,

rad=s
! = satellite angular velocity vector, rad=s

I. Introduction

T HEdemand for Earth observation satellites equippedwith high-
performance observing sensors has increased recently in order

to acquire high-resolution images of specific ground targets. To
achieve the precise observation, the satellites will turn rapidly rather
than sweep the imaging system from side to side because pointing the
whole body at the target allows the imaging system to achieve higher
definition and to improve the resolution of its images. Moreover, the
cost and effectiveness of such agile satellites are greatly affected by

the average maneuvering time and observing frequency. Therefore,
an attitude control system of such agile satellites requires the
development of large-angle rapid rotational maneuverability [1].

To achieve the rapid rotational maneuver, control moment gyros
(CMGs), not reaction wheels, are expected to be used as attitude
control actuators of agile satellites, because the CMGs can effec-
tively generate higher torque than reaction wheels. In this paper, it is
assumed that the agile satellite equips a pyramid arrangement of four
single-gimbal CMGs shown in Fig. 1 for a three-axis attitude control.
Figure 2 shows a block diagram of an existing control system using a
CMG steering logic. This is based on a distributive property from
three-axis attitude control torques to four CMGs control inputs.
However, there is a problem that a dimension of output torques
degenerates from three dimensions to two dimensions or less, de-
pending on CMG gimbal angles. The problem is called a singularity
problem. At the singularity state, an output torque along a particular
direction cannot be generated. In this condition, the CMG system
cannot fulfill the requirement of the rapid maneuverability. There-
fore, several CMG singularity avoidance steering logics have been
proposed so far. For example, there is the generalized singularity
robust inverse (GSRInverse) method [2], singularity direction avoid-
ance method [3], and so on [4–6].

In the existing control logics, there is a problem that a rapid
actuation is needed to avoid the singularity state. Such an actuation
has a possibility of causing the breakdownof theCMG.This problem
is related to the subsistence of the entire satellite system. To achieve
the safe use of the CMG, the objective of the controller design is to
control the CMG smoothly with keeping maximum angular veloc-
ities low and avoiding vibrating motions. Moreover, in these logics,
there is a problem of not considering the CMG energy consumption.
As long as the control systems are separated into an attitude control
system and a CMG steering logic, the optimality about the whole
control system cannot be evaluated with respect to the energy
consumption. Therefore, it is believed that the optimality about the
energy consumption should be evaluated as awhole systemwithout a
CMG steering logic.

To deal with these problems, a feedforward control logic using
CMG optimal paths by Fourier basis algorithm (FBA) is designed in
consideration of the CMG energy consumption under a control
requirement [7]. Several numerical simulations indicate the effec-
tiveness of the proposed logic in terms of the energy consumption
and the safe use of the CMG by comparing with the existing control
logic.

In an actual implementation, there are several disturbances and
errors that cannot be assumed in the path planning. Under the
disturbances and errors, the proposed logic cannot achieve a high-
precision control because the proposed logic does not have a
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feedback controller. If a maneuver has initial errors, the proposed
feedforward control system has a risk of increasing terminal state
errors. Because CMGs has a strong nonlinearity, when a feedforward
controller is combined with a stationary linear feedback controller,
the satellite attitude cannot be controlled to the reference attitude.

From the background, the purpose of this paper is to design a
feedback control systemwith nominal inputs shown in Fig. 3 so as to
compensate for errors and disturbances. The designed feedback
control system is based on the system’s limit state feedback control
logic [8]. This logic uses a system’s limit state, which is a terminal
state variable predicted by numerical integrals. Though it is generally
difficult to control the nonlinear system, the reachability to a
reference state can be ensured by using the prediction and combining
the paths that have been planned as nominal inputs.

In this paper, the feasibility about the robustness of the designed
control system was verified by an original CMG experimental setup.
Furthermore, the experiments indicate the effectiveness of the
proposed logic for the energy consumption and the safe use of the
CMG in comparison with the existing logic.

II. Formulation of Satellite Attitude Maneuver
Using CMG

A. Mathematical Modeling

In this paper, an agile satellite has a CMG system that is a pyramid
arrangement of four single-gimbal CMGs in Fig. 1. This section
describes fundamental principles of rigid satellite rotational equa-
tions andCMGdynamics. The objective of this section is to construct
a numerical calculationmodel of the satellite attitudemaneuver using
the CMGs. Because the mission is a large-angle rapid maneuver, the
expression of the satellite attitude is the following quaternion
kinematics equation:

_q� 1

2

0 !3 �!2 !1

�!3 0 !1 !2

!2 �!1 0 !3

�!1 �!2 �!3 0

2
664

3
775q� �! � q (1)

where q� �q1; q2; q3; q4�T is a quaternion vector, !�
�!1; !2; !3�T is a satellite angular velocity vector, and �! is a matrix
of a satellite angular velocity. The quaternion has the following
constraint equation q21 � q22 � q23 � q24 � 1.

From the principle of the angular momentum conservation, an
equation of the rotationalmotion of a rigid satellite equippedwith the
CMG is given by the following equation:

dHB

dt
�! �HB � 0 (2)

where HB is a total angular momentum vector expressed in the
satellite body-fixed control axes. External torques, such as natural
environmental torques, can be regarded as zero during a short-time
rapid maneuver.

The total angular momentum vector consists of the satellite main
body angular momentum and the CMG angular momentum:

H B � I!� h (3)

where I is a satellite inertia matrix and h is a CMG angular
momentum vector expressed in the satellite body-fixed control axes.

When Eq. (3) is substituted into Eq. (2), this equation is given by

I _!�! � I!� _h�! � h� 0 (4)

where Eq. (4) is a rotation dynamic equation and _h is a time-
derivation vector of the CMG angular momentum. The satellite
attitude can be controlled by changing a direction of the CMG
angular momentum.

The angular momentum of the skew-type four CMGs expressed in
Fig. 1 is a function depending on the gimbal angles ��
��1; �2; �3; �4�T as follows:

h � hCMG

�cb sin �1 � cos �2 � cb sin �3 � cos �4
cos �1 � cb sin �2 � cos �3 � cb sin �4

sb sin �1 � sb sin �2 � sb sin �3 � sb sin �4

2
4

3
5 (5)

where b is an inclination angle of a CMGgimbal axis in Fig. 1, that is
called a skew angle. sb � sinb, cb � cos b, and hCMG is a CMG
wheel angular momentum. A time derivative of the CMG angular
momentum vector can be obtained as

_h� hCMG

�cb cos �1 sin �2 cb cos �3 � sin �4

� sin �1 �cb cos �2 sin �3 cb cos �4

sb cos �1 sb cos �2 sb cos �3 sb cos �4

2
64

3
75 _�

�A��� _� (6)

where _�� � _�1; _�2; _�3; _�4�T is a CMG gimbal angular velocity vector
and A is a 3 � 4 Jacobian matrix. One approach of designing CMG
steering logics involves the differential relation. Consequently, the
mathematical model of the satellite attitude maneuver using the
CMG is described by

_q
_!

� �
� �!q
�I�1�! � I!�! � h����

� �
� 0
�I�1A���

� �
_� (7)

Fig. 1 Pyramid arrangement of four single-gimbal CMGs.

Fig. 2 Block diagram of an existing control system using a CMG steering logic.

Fig. 3 Block diagram of the proposed control system.
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_x� g�x; �� � f�x; ��u (8)

wherex is a state variable vector that consists of the quaternionvector
q and the satellite angular velocity vector!. A control input vectoru
is the CMG gimbal angular velocity vector _�.

B. CMG Steering Logic

For a simple satellite model, one can design an attitude control
system and a CMG momentum management system on the basis of
Eqs. (6) and (7). One approach involves the differential relation
between the gimbal angles and the CMG angular momentum vector.
The design of the CMG steering logics, which generate the CMG
gimbal angular velocity commands, focuses on finding an inverse of
_h�A��� _�. Here, a GSRInverse steering logic [2] is briefly shown as
a comparative control system.

The GSRInverse steering logic can be represented as

_��A#� (9)

A # �AT 	AAT � �B
�1 (10)

B �
1 "3 "2
"3 1 "1
"2 "1 1

2
4

3
5> 0 (11)

��
�
0 for m � m0

�0�1 �m=m0�2 for m � m0

(12)

where � is a vector of commanded satellite control torques, "i �
"0 sin�!st� �i� andm�

���������������������
det�AAT�

p
. The scalar �0,m0, "0,!s and

�i need to be appropriately selected. The GSRInverse steering logic
is based on the mixed, two-norm and weighted least-squares
minimization. The logic regularly works as effectively as the basic
pseudoinverse steering logic A# �AT 	AAT 
�1 and, near the
singularity state, this logic works to avoid the singularity state by the
newly added term �B.

III. Control System Design

A. Path Planning by Fourier Basis Algorithm

1. Introduction

The purpose of the proposed logic is to control the system for the
energy consumption and the safe use of the CMGwithout separating
the whole control system into an attitude control system and a CMG
control system. Therefore, a feedforward control system is designed
on the basis of the path planning of control inputs, which are CMG
gimbal angular velocities. In a real-time implementation, this path
planning can be executed before the maneuver in order to use the
unperformed time on the other side of the ground targets for the
calculation time. The problem involving the energy consumption of
CMG can be solved by considering it at the path planning.Moreover,
the problem involving the rapid actuation of CMG also can be solved
by applying the Fourier series approximation of control inputs to the
path planning. This is because the rapid actuation occurs when a
CMG steering logic works for avoiding the singularity state.

Themethod used for the path planning is the FBA [8–10], which is
based on the approximation of the control inputs by using a Fourier
series. This method is advantageous in terms of the calculation time
of the path planning because there are fewer optimal parameters in
FBA than in other methods that uses discrete-time control inputs.
Additionally the control inputs approximated by the continuous
function are predictably effective in smooth actuation. In the
following section, a detailed explanation of the FBA is given.

2. Fourier Basis Algorithm

FBA is based on Fourier series approximation of control inputs.
Newton method is applied to the optimization method in order to
search for optimal Fourier parameters [7–10]. In this problem, the

constraint condition is the motion equation shown in Eq. (7) and the
boundary conditions of the state variables are described by

x �0� � x0; x�tf� � xd (13)

where x0 is an initial state variable vector and xd is a terminal state
variable vector. To satisfy the boundary conditions with keeping the
energy consumption of the CMG low, the evaluation function of this
optimization problem is set up as follows:

J�u� �
Z
tf

0

�u�t�Tu�t�� dt� �x�tf� � xd�TM�x�tf� � xd� (14)

where tf is a terminal time of the maneuver. The evaluation function
is composed of the CMG control input norm u�t�Tu�t�, the state
variables at the end of the maneuver, and the weighting matrix M.
The matrix must be large enough to satisfy the control requirement
because the errors of the terminal states depend on the matrix M.
FBA approximates the control inputs by the Fourier series in order to
search for the optimal path that minimizes the evaluation function
under the control requirement:

u � E� (15)

E� 	1
2
I0 I0 sin!0t I0 sin 2!0t � � �

I0 cos!0t I0 cos 2!0t � � �
 (16)

where E is a Fourier base term matrix, � is a Fourier coefficient
parameter vector, I0 is a unit matrix, and !0 is a basic frequency of
the Fourier series approximation. When the Fourier series approxi-
mation is set up to the N-order term and Eq. (15) is substituted into
Eq. (14), the evaluation function Eq. (14) comes to depend on the
Fourier parameters on the basis of orthogonality of trigonometric
functions as follows:

J��� � �T�� �x�tf� � xd�TM�x�tf� � xd� (17)

To obtain the optimal parameters that minimize the evaluation
function, the Newton method is used as the searching algorithm [7–
10]. This is because the Newton method is based on the first and
second-order derivatives of the evaluation function and is superior in
terms of the convergence property in obtaining the optimal solution.
In general, the optimal solution using this method is said to have a
property that is dependent on the initial condition. The optimal
solution solved by using the Newton method is closer to a local
optimal solution than to a global optimal solution. However, in this
paper, this solution is regarded as an energy-optimal solution because
the initial condition of the optimization is always set to 0, which
means that the optimization must start at the initial condition that
minimizes the energy consumption.

Next, the solution by the Newton method is described. The
evaluation function in Eq. (17) can be Taylor-expanded around the
present value of the optimal parameter �s as follows:

J��s ���� � J��s� �
@J��s�
@�

��

� 1

2

�
��T

@2J��s�
@�T@�

�
���O���3� (18)

where �� is a variation of Fourier parameters. Then �� is
determined on the basis of the Newton method to satisfy J��s �
��� � J��s�< 0 as follows:

������I0 � y�tf�TMy�tf���1��s � y�tf�TM�x�tf� � xd��
(19)

where � is a weighting constant to be properly selected, and y�tf� is
given by

y � @x
@�

(20)
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@y

@t
�
�
@g

@x
�
Xn
i�1

�
@hi
@x
ui

��
y � hE (21)

where the terminal value of y can be obtained by integrating Eqs. (20)
and (21) in the numerical simulation.

Eventually, the updating equation of the Fourier parameters is as
follows:

� � �s ��� (22)

In this way, FBA can obtain the energy-optimal paths of the CMG
control inputs.

3. Design of Evaluation Function

The basic evaluation function of the FBA estimates the energy
consumption by the norm of control inputs. Then the energy con-
sumption of the CMG cannot be estimated precisely because satellite
angular velocities cannot be ignored with respect to CMG gimbal
angular velocities in agilemaneuvers. Therefore, in order to carefully
evaluate the energy consumption of the CMG, the first term of
Eq. (14) is modified in the following form:

J��� �
X4
i�1

�Z
tf

0

TTi Ti dt

�
� �x�tf� � xd�TM�x�tf� � xd� (23)

T i � � _�i �!� � hi (24)

whereTi is an output torque vector of the ith CMG and _�i is a gimbal
angular velocity vector of the ith CMG in the satellite body-fixed
control axes. This evaluation term for the energy consumption is
derived from a new assumption of the proportional property between
the output torque and the electrical energy consumption of the CMG
gimbal on the basis of the reaction-wheel case [11].

Moreover, the evaluation function considers the restraint condi-
tions of control inputs at initial and terminal times. General Earth
observation satellites need a rest-to-rest maneuver, which means that
the satellite body must rest at the beginning and end of the maneuver
in order to observe the ground target. Then the CMG gimbals should
also rest, in other words, the CMG gimbal angular velocities should
be zero. The FBA is adjusted to the following restraint condition:

_��0� � 0 (25)

_��tf� � 0 (26)

where Eq. (25) is a beginning restraint condition and Eq. (26) is an
end restraint condition. These restraint conditions can be treated in
the evaluation function as follows:

J�
X4
i�1

�Z
tf

0

TTi MTTi dt

�
� �x�tf� � xd�TM�x�tf� � xd�

� uT�0�Su�0� � uT�tf�Su�tf� (27)

where MT is a weighting matrix of torques and normally a unit
matrix. S is a weighting matrix that will be selected at a significantly
large value. Equation (27) is the eventual evaluation function that
depends on the precise energy consumption of the CMG and the
restraint conditions of the control inputs. Energy-optimal paths can
be precisely obtained by using the evaluation function.

B. Design of Feedback Control System

1. Limit State Feedback Control System

In this section, a feedback control system is designed in order to
compensate for errors and disturbances that cannot be assumed in the
path planning. The controlled object is a nonlinear system described
in Eq. (8). A general linear feedback control system cannot control

the present state. Therefore, the feedback control system is designed
on the basis of the system’s limit state feedback control logic [12].

A vector of a predicted terminal state xpre, which is called a
system’s limit state, is described by

x pre�t� � x�t� �
Z
tf

t

�g�x; �� � f�x; ��unom� d& (28)

where unom is a vector of the nominal inputs planned by FBA.When
the system is controlled by the nominal inputs from present time t to
terminal time tf, a terminal state error vector is given in the following
equation:

� �t� � xpre�t� � xd (29)

The purpose of the controller design is to move the terminal state
errors� closer to 0. The system’s limit state described in Eq. (28) can
be obtained by the numerical integral. A feedback control system
using the system’s limit state can be designed on the basis of
Lyapunov analysis as follows:

u �t� � unom�t� � FT�t�Kp��t� (30)

F � @g

@xT
f� @g

@�T
�
�
@f

@xk
unom

�
k�1;...;7

f�
�
@f

@�i
unom

�
i�1;...;4

(31)

where Kp is a nonnegative feedback gain matrix and F is a newly
defined matrix as will hereinafter be described in detail. This logic
does not use the present state but the system’s limit state xpre in the
feedback controller. Therefore, this logic is effective for the nonlinear
system.

2. Derivation of Control System

The feedback control system is based on the Lyapunov function
that consists of the terminal state error vector �. A scalar function V
of the errors of the system’s limit state is defined as a Lyapunov
function by the following form:

V � �T� (32)

where a variation of the function V after one step�t is described by

�V � 2�T��� 2�T�xpre � 2�T�Fd��t� (33)

where �xpre is a variation vector of the system’s limit state. The
derivation of Eq. (33) is described in the next section. If Fd��t is
selected to be equivalent to ���t�, �V becomes negative, and the
terminal state error ��t��t� can be moved closer to 0. In this way,
control inputs that transfer x to xd can be obtained. If an equation
�V � 0 is satisfied at any time, as time advances, the system’s limit
state errors � approach 0. To satisfy the condition �V � 0, the
variation of the CMG gimbal angle d� is selected as follows:

d���FTKp� (34)

Consequently, this control system can compensate for errors by
modifying nominal inputs on the basis of Eq. (34). In this system, an
inverse matrix of the matrix F cannot be assured. Therefore, the
designed control logic is composed of a transposedmatrixFT instead
of the inverse matrix F�1. The accuracy of the prediction depends on
the degree of minuteness of the transition state d�.

In an actual implementation, it may be difficult for an onboard
satellite computer to predict the system’s limit state with respect to
computation loads. In other words, this logic might have a problem
making the prediction in terms of the computation loads and the
calculation time. To reduce the computation loads, the algorithm for
terminal prediction was improved. If the computer does not have
sufficient capacity to calculate the terminal prediction, an approxi-
mate prediction at the next step �t may be used. The feedback
control system can be reconstructed in the following form:
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x pre: lim � x�t� � �g�t� h��nom�t� � ��t��� (35)

� �t� � xnom�t��t� � xpre: lim�t� (36)

where xpre: lim is an approximate limit state in the near future and xnom

is a nominal state’s trajectory. This logic achieves the reduction in
computation loads by using the approximate system’s limit state in
the near future. On the other hand, the error of the prediction might
increase, as indicated in a comparison with the previous logic using
the terminal prediction.

3. Derivation of the Relation About Limit State’s Variation and Present

Control Inputs

This section deals with a derivation of Eq. (33) that indicates a
relation between�xpre and the present control input d�. Here,�xpre

is the difference between a system’s limit state predicted at present
time t and that predicted at the following time t��t in Fig. 4. If
nominal control inputs never change after one step �t, the system’s
limit state also never change and the variation �xpre becomes 0.

In Fig. 4 the state variables at the present time t are x and �. At the
following time t��t, the state variables become x��x and
����, where �x� �g� funom��t and ��� unom�t. The
nominal input vectorunom and the limit state’s error vector��t� at the
present time t are equal at t��t.

In this paper, when �t is sufficiently tiny, it is assumed that the
variation of the limit state �xpre is linearly affected by a variation
�x
 between the present state x�t� and the following state x�t��t�
in Fig. 4. Then �xpre can be evaluated, as alternated, by the state
variation generated by the present control input d�. Therefore, next,
the relation between d� and �x
 is derived.

The control inputs at the present time are supposed to instantly
become �! �� d�. Additionally, when this transition causes the
present state x! x� dx, the state variables at the present t are
x� dx and �� d�. The state variables at the following time t��t
become x� dx��x
 and �� d����, where �x
�
�d=dt��x� dx��t and ��� unom�t. Here, �x
 can be approxi-
mately obtained by using the following Taylor expansion:

d

dt
�x� dx� � g�x� dx; �� d�� � f�x� dx; �� d��unom

�
�
g�x; �� � @g�x; ��

@xT
dx� @g�x; ��

@�T
d�

�

�
�
f�x; �� � @f�x; ��

@xT
dx� @f�x; ��

@�T
d�

�
unom

� �g� funom� �
�
@g

@xT
fd�� @g

@�T
d�

� @f

@xT
fd�unom �

@f

@�T
d�unom

�

� �g� funom� � Fd� (37)

�x
 � ��g� funom� � Fd���t��x� Fd��t (38)

where the Taylor expansion abbreviates second and higher-order
differential terms. This is because these terms are sufficiently small
and are difficult to calculate. The term �x in Eq. (38) is an original
variation that depends on the time course and is not affected by the
control input d�. The term Fd��t in Eq. (38) is a variation term
generated by the control input d�. In this way, Eq. (33) can be
derived.

IV. Verification by CMG Experimental Setup

A. Experimental Conditions

The purpose of this section is to verify the effectiveness of the
designed control system with respect to the energy consumption and
the safe use of CMG by comparing with the existing control system
that consists of the CMG steering logic and the satellite attitude
control system described in [2,13]. The proposed control system is
based on the feedforward control using an energy-optimal path. In
real condition, several errors and disturbances become a difficult
problem. Therefore, the feedback control system is designed in order
to obtain the robustness against errors and disturbances. In this study,
experiments using the CMG simulated weightlessness experimental
setup in Fig. 5 were carried out in order to verify the robustness under
realistic conditions.

A simulated weightlessness rotating motion can be realized by
using a frictionless ball bearing between the motion table and the
baseplate. This device can rotate freely around the yaw axis but is
constrained in the rotation about the roll and pitch axes. Therefore, in
this study, it is decided that the rotational axis is the yaw axis. The
CMGdevice shown inFig. 5 consists of thewheel unit and the gimbal
unit. Each unit has a servomotor with an encoder to detect the
rotational angle. The satellite attitude and the angular velocity can be
estimated by the three-axis attitude sensor mounted on the center of
the motion table. Each data from the attitude sensor and the encoders
is fixed through a low-pass filter to remove high-frequency noises of
the data. Each device is connected to the PC through controller area
network communication, and the PC controls all of the CMG units.

Fig. 4 Concept of the elicitation process for feedback control system.

a) CMG experimental setup b) Configuration diagram of experiment setup 

Fig. 5 CMG experimental setup and configuration diagram.
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The parameters of the CMG experimental setup are shown in
Table 1, and the inertia moment matrix of the satellite body I is
identified by the actuation experiment as follows:

I �
3:73 0 0

0 4:62 0

0 0 7:07

2
4

3
5 kg �m2 (39)

where off-diagonal elements of the inertia matrix is regarded as zero
because of the difficulty in identifying it. The mission is assumed to
involve a rest-to-rest attitude maneuver. It is also decided that the
rotational axis of themaneuver is the yawaxis from the constraint and
the insusceptibility to gravity. In this experimental setup, the roll and
pitch angles can be slowly stabilized at zero angles by restoring the
weak force of gravity, such as in a tumble doll that rights itself when
pushed over. The maneuver is set up to the rapid and extreme
condition that the existing control system using the CMG steering
logic encounters a singularity problem.

B. Numerical Simulation

In this section, numerical simulations under the same condition of
the experimental setup are carried out. Several parameters of the
numerical simulations are shown in Table 2. Under the ideal
condition, the numerical simulations with the following two logics
were carried out.

Method 1: Existing control logic using the GSRInverse steering
logic

Method 2: Proposed logic (feedforward control logic using the
energy-optimal path)

Table 3 indicates the attitude error norms measured in���������������������������������������
e2roll � e2pitch � e2yaw

q
, where ei is the attitude Euler angle error

around the i axis. In this study, control requirements are assumed that
the terminal satellite angle error is within 1 deg and the angular
velocity is within 1 deg =s. Several parameters of each control
systems are selected to satisfy these control requirements. The data of
the energy consumption are estimated in the following form and
normalized to reform the existing logic data to 100 points:

X4
i�1

�Z
tf

0

TTi Ti dt

�
(40)

1. Energy Optimality and Safe Use of CMG

From the simulation results in Table 3, it was confirmed that the
proposed logic can plan the control path that satisfies the control
requirement of the terminal attitude with the same accuracy as the
existing logic. Moreover, the energy consumption can be reduced by
about 47% by comparing with the existing logic.

Regarding the safe use of CMG, Figs. 6 and 7 indicate that the
CMG gimbal actuations of the proposed logic are smooth and
the CMG gimbal angular velocity can be kept under 12 deg =s. On
the other hand, the existing logic generates oscillatory behavior to
avoid the singularity state and the CMG gimbal velocity reaches the
limit of�1:0 rad=s (�� 57:3 deg =s). The results indicate that the
CMG energy-optimal paths maintaining the smooth actuation can be
planned by using the proposed logic, and this logic is effective for the
energy consumption and the safe use of the CMG under the ideal
condition.

2. Singularity Avoidance

This section describes how the proposed control logic can avoid
singularity. Figures 6d and 7d show a manipulability that indicates a
characteristics value of being in a singularity state. As shown in
Fig. 6d, the CMG that is controlled by the existing logic drops into a
singularity state in 5 s and moves away from the singularity state in
10 s. As shown in Fig. 7d, the CMG controlled by the proposed logic
never drops into a singularity state throughout the maneuver.

The reason why the proposed logic can keep the CMG away from
the singularity state is due to the following two points. The first point
is that the energy consumption of the CMG is taken into
consideration by the evaluation function of the path planning. The
second point is that the proposed control system is not separated into
an attitude controller and a CMG steering logic.

Table 1 Parameters of experiment and mission

Parameters Symbols Values

Inertia moment of CMG wheel ICMG 0:00354 kgm2

Rate of CMG wheel rotation !CMG 12000 rpm
Skew angle � 52.0 deg
Maneuver time tf 20 s
Initial gimbal angles �0 	30; 90;�90;�30
 deg
Maneuver angle —— 90 deg
Reference quaternion —— [0, 0, 0.707, 0.707]

Table 2 Parameters and values of numerical simulations

Parameters Symbols Values

Gimbal angular velocity limit _�max
——

Gimbal angular acceleration limit ��max
——

Parameter of steering logic �0 0.1
Parameter of steering logic m0 0.6
Parameter of steering logic "0 0.1
Parameter of steering logic !s �=2
Parameter of steering logic �i 0, �=2, �
P gain of attitude control system —— diagf6:19; 6:65; 7:66g
D gain of attitude control system —— diagf6:80; 7:84; 10:41g
Dimension of Fourier series approximation —— 3
Basic frequency of Fourier series approximation !0 �=2tf
Weighting matrix of terminal states M diagf5; 5; 5; 0; 50; 50; 50; 0; 0; 0; 0g � 104

Weighting matrix of constraint condition S diagf1; 1; 1; 1g � 106

Uploading step size of optimization � 0.5

Table 3 Results of numerical simulations

Method 1 (existing logic) Method 2 (proposed logic)

Terminal attitude error norm, deg 0.241 0.224
Energy consumption of CMG (normalized data) 100 52.2
Maximum gimbal angular velocity, deg =s 57.30 11.04
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In general, a CMG singularity state is said to be a combination of
CMG gimbal angles where CMG actuation commands cannot be
calculated, using a least-squares, pseudoinverse solution, to satisfy
the reference torque commands from the attitude controller. In
existing logics, such as the GSRInverse method, invalid actuations
for the attitude control are added to a normal least-squares pseudo-
inverse solution in order to avoid a singularity state. However, these
additional actuations have the risk of increasing the CMG energy
consumption.

In the proposed logic, energy consumption is evaluated in the path
planning so as to reduce the invalid actuations. Moreover, the torque
command can be planned so as to maintain the effectiveness of the
CMG actuation by not separating the controllers, as described
previously. This property is noted from Figs. 6a and 7a. As indicated
in Fig. 6, the satellite attitude controlled by the existing logic rotates
around the yaw axis only because the reference maneuver is a
rotation around the yawaxis. In Fig. 7, the satellite attitude controlled
by the proposed logic does not rotate only around the yaw axis but
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also the roll and pitch axes. This is because under the constraint of an
output torque, such as a singularity state, it is not always effective for
a satellite to rotate only around a reference maneuver axis. In this
way, the proposed logic can plan energy effective paths that prevent
the CMG from going into the singularity state.

When a commanded motion does not lead the CMG into a
singularity state, it was confirmed throughout other numerical
simulations that there are few differences of the control performance
between the existing logic and the proposed logic.

C. Experiments Using CMG Experimental Setup

Toverify the feasibility of the proposed feedback control system in
an actual implementation, the experiments were carried out. Several
parameters of the experiments are shown in Table 4. This experi-
mental setup uses a high-performance computer as the controller.
Therefore, the limit state feedback control system with the terminal
prediction, not near future prediction, was implemented as the
proposed feedback control system. TheP andD gains of the attitude
control system of the existing logic were selected to satisfy the other
sample maneuver, a 90 deg, 20 s rest-to-rest maneuver around the
yaw axis at �0 � 0. In the sample experiments, control requirements
are assumed that the terminal satellite angle error is within 1 deg and
angular velocity is within 1 deg =s.

In this section, experiments of the following three methods were
carried out. Method 1 in Fig. 8 is the existing control system
(GSRInverse steering logic), method 2 in Fig. 9 is the proposed
control system (feedforward control [FF]), andmethod 3 in Fig. 10 is
the proposed control system (feedforward control with the limit state
feedback control [FF� LSFB]).

First, in order to verify the feasibility of the designed feedback
control system, the results of method 2 were compared with the
method 3. Second, the proposed control system was measured
against the existing control system with respect to the energy
consumption and the safe use of CMG by comparing the results of
method 3 with the method 1.

1. Feasibility of Designed Feedback Control System

Figure 9a indicates that a large attitude error around the yaw axis
exists at the terminal time, and the desired attitude maneuver cannot
be realized by using only the feedforward control system. This is
because there are some errors and disturbances that were not con-
sidered in the path planning, such as the attitude rotating friction of
the ball bearing unit, the actuation delay of the CMG gimbal angular
velocities, the model error of the satellite inertia, and the error of the
wheel angular momentum. In particular, the results of the shortage of
the satellite rotation angle indicates that the attitude rotating friction
is the most difficult problem of the simulated weightlessness
environment under errors and disturbances. It is difficult to solve this
problem satisfactorily on Earth, but in space it can be resolved.
Therefore, the satellite will be controlled by the feedforward control
systemmore effectively in a real implementation in space than in the
conditions described in this study.

Figure 10 shows the results of experiments of the feedforward
control with the designed feedback controller. Figures 9a and 10a
indicate that the error in the terminal attitude can be reduced by
adding the designed feedback control system. The feedback control
system can achieve a robust control of a nonlinear object under errors
and disturbances. This is because this control system design is based

Table 4 Parameters and values of experiments

Parameters Symbols Values

Control cycle —— 0.5 s
Data Sampling time —— 0.03 s
Weighting matrix of limit state feedback control Kp 5 � I0
Numerical step size of terminal prediction —— 0.05 s
P gain matrix of attitude control of existing logic —— diagf60; 60; 60g
D gain matrix of attitude control of existing logic —— diagf105; 105; 105g

a) Time histories of quaternion b) Time histories of gimbal angles

c) Time histories of gimbal angular velocities d) Time histories of manipulability

Fig. 8 Time histories of experiment (method 1).
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on the Lyapunov function, and any present errors between reference
and real state variables can be compensated for by using the state for
the terminal prediction in every control cycle. However, depending
on the accuracy of the terminal prediction, the designed feedback
control system may not maintain the robustness if large errors exist
between the ideal numerical model and the actual model. Then the
model data should be uploaded, such as the satellite body inertia
matrix, by using the data from identification experiments conducted
in space. From the result in Fig. 10, a few attitude errors around the

roll and pitch axes exist at the terminal time. It is believed that the
errors are caused by the attitude determination. The attitude
determination algorithmof the attitude sensor is based on theKalman
filter and numerical integrations of a gyroscope, amagnetometer, and
other components. Therefore, the attitude errors around roll and pitch
axes are generated by the filter error and the negative effect of the
peripheral electronic devices to the magnetometer. The terminal
attitude error around the yawaxis ismeasured as the control accuracy
in Table 5.

a) Time histories of attitude errors b) Time histories of gimbal angles

c) Time histories of gimbal angular velocities d) Time histories of manipulability

Fig. 9 Time histories of experiment (method 2).

a) Time histories of attitude errors b) Time histories of gimbal angles

c) Time histories of gimbal angular velocities d) Time histories of manipulability

Fig. 10 Time histories of experiment (method 3).
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2. Energy Consumption and Safe Use of CMG

From the results in Table 5, it was confirmed that the energy
consumption of method 3 is about 47% lower than that of method 1.
Moreover, the terminal error of the proposed control system is kept at
a low value with the same accuracy of the existing logic. From the
results, the proposed control system is more effective than the
existing logic for the energy consumption of the CMG.

Regarding the safe use of the CMG, as shown in Figs. 8 and 10,
gimbal angles and angular velocities of the proposed logic show the
smooth actuation of the CMG. The angular velocities are kept under
15 deg =s and the trajectories of CMG gimbal angles are smooth in
thewhole time. On the other hand, the existing control system causes
the rapid actuation that reaches the absolute maximum angular
velocity of the CMG from 4 to 6 s in Fig. 8c. A relation between the
rapid actuation and the singularity state can be confirmed by the
manipulability time history. Figure 8d indicates that the manipu-
lability value drops into about 0 point in the same time of the rapid
actuation. The existing control system can get away from a singu-
larity state locally by adopting the singularity avoidance logic.
However, this actuation is thought to be related to the accidental
failure of the CMG. From these results, the proposed control system
is more effective than the existing logic for the safe use of the CMG.

3. Optimality of Energy Consumption

If a feedback control is added, the energy optimality considered in
an ideal model is not guaranteed. From other numerical simulations,
it was confirmed that the amount of the feedback control increases as
the gap between an ideal model and the actual condition grows. Thus
the CMG energy consumption also increases due to the feedback
compensation, and the trajectory of the CMG deviates from the
energy-optimal trajectory. When the gap is minimal, the feedback
control does not work and the feedforward control can realize a
reference maneuver.

In this study, the experiments were carried out under some actual
gaps. Table 5 indicates that the energy consumption of method 3 was
about 8% higher than that ofmethod 2 because of the added feedback
control. Method 3 maintained low the energy consumption in
comparison with method 1. From these results, it is confirmed that
the proposed logic with feedback control is more effective than the
existing logic in terms of the CMG energy consumption.

V. Conclusions

In this paper, a new feedback control system with nominal inputs
has been designed to overcome the problem of a previous control
system using a CMG steering logic with respect to the energy
consumption and the safe use of the CMG. The designed control
system uses the nominal control inputs that had been planned on the
basis of Fourier Basis Algorithm. Moreover, to acquire the robust-
ness against several errors and disturbances in an actual imple-
mentation, a feedback controller based on the system’s limit state
feedback control logic is added to the designed control system. In
view of CMG nonlinearity, the feedback controller uses the system’s
limit state, which is predicted by numerical integrals. Therefore, a
satellite attitude maneuver using the CMG can be controlled effec-
tively by the proposed logic as the whole system. From the results of
the numerical simulations and the experiments using the CMG
experimental setup, it was shown that the feasibility of the designed
feedback control system in terms of the robustness against real errors
and disturbances. The effectiveness of the proposed control system
was also indicated by the experiments by comparingwith the existing

control logic using the CMG steering logic in terms of the energy
consumption and the safe use of the CMG.
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